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An anisotropic auxiliary differential equation finite-difference time-domain formulation
is presented in detail for the time-domain study of nematic liquid crystal devices in the
terahertz spectrum. The termination of the computation domain is achieved by employing
a properly designed convolution perfectly matched layer. The material dispersion and
dichroism of the LC complex permittivities is modeled via a modified Lorentzian function
that is demonstrated to provide an accurate description for a series of state-of-the-art
materials used in LC-THZz technology.

Keywords Finite-difference time-domain (FDTD) method; auxiliary differential equa-
tions; perfectly matched layer; anisotropic media; dispersive media; liquid crystals;
terahertz technology.

Introduction

Nematic liquid crystals (LCs) are inherently anisotropic organic materials, whose proper-
ties can be dynamically controlled via the application of external control signals. Owing
to their tunability and large inherent anisotropy, LCs have been proven as excellent candi-
date materials in a broad range of reconfigurable devices spanning from displays and light
projection systems to optical/plasmonic waveguides, filters, switches, and other integrated
components [1-6]. Recently, their use has been extended into the rapidly growing field of
terahertz technology, which investigates thus far unexplored possibilities for novel devices
in security, imaging, chemical detection, and short-range communications. In several ex-
perimental demonstrations, LCs have been proposed as tunable elements, such as phase
modulators, polarizers, filters, beam-steerers, absorbers, and metamaterials [7-10].

*Address correspondence to D. C. Zografopoulos, Consiglio Nazionale delle Ricerche,
Istituto per la Microelettronica e Microsistemi (CNR-IMM), Rome 00133, Italy. E-mail:
dimitrios.zografopoulos @artov.imm.cnr.it

Color versions of one or more of the figures in the article can be found online at
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49



Downloaded by [East China University of Science and Technology] at 09:33 02 January 2016

50 D. C. Zografopoulos et al.

The design and investigation of advanced LC-THz components demands the avail-
ability of numerical tools, capable of accurately and efficiently describing the physics of
electromagnetic (EM) wave interaction in anisotropic media. The finite-difference time-
domain (FDTD) method is a classical tool for the fast and broadband analysis of EM
components [11].

In FDTD studies, special care must be taken when the materials involved show sig-
nificant dispersion of their properties inside the investigated spectrum. Several FDTD
techniques have been already introduced for anisotropic media, both non-dispersive [12-
15] and dispersive, such as plasma [16] and magnetized ferrites [17,18]. Material dispersion
in FDTD can be taken into account by employing classical dispersion models, e.g. Drude
or Lorentz, which have also been extended to particular cases involving anisotropic media
[19]. However, the FDTD modeling of LC materials in the THz spectrum requires specific
treatment, as these often exhibit strong material dispersion and dichroism, accompanied by
appreciable amounts of absorption losses.

In this work, we present in detail an FDTD model based on the auxiliary differential
equation formulation (ADE), which is suitable for the study of LC-THz components, as it
takes rigorously into account both the LC anisotropy and the dispersion of their complex
permittivities, the latter described by a modified Lorentzian (mLor) analytical function
[20]. It is shown that the mLor model accurately describes the LC permittivity dispersion
for a series of state-of-the-art LC materials specifically synthetized for THz applications.
Moreover, the implementation of a convolution perfectly matched layer (CPML) for the
efficient termination of the computational domain is also discussed. The proposed ADE-
FDTD method constitutes a powerful numerical tool for the design and study of novel
LC-tunable THz components.

Modified Lorentz Fitting of Liquid Crystal Permittivities

In the proposed formulation, both the ordinary and the extraordinary LC relative permittiv-
ities are described according to the modified Lorentzian dispersive model

+ al,o/eja) + ao,o0/e
b2.0/e(j@)?* + b1 orejw + boose’

(D

50/e(w) = Eo0,0/e

where a time dependence of ¢/ is assumed. The mLor model has been recently proposed
for the accurate description of material dispersion in time-domain studies [21] and it can be
proved that it is encompasses other advanced models, namely the Drude critical points and
the complex conjugate residual pairs, which have been developed for the FDTD modeling
of highly dispersive materials, such as noble metals in the visible and infrared spectra
[22-25]. In addition, it can be shown that Eq. (1) satisfies the Kramers-Kronig condition,
thus providing a proper candidate for the description of the permittivity dispersion of real
materials [26]. By setting «; = 0, the mLor reduces to the well-known Lorentz model, which
has been traditionally employed in FDTD studies. It is remarked, though, that adding the
a;jo term in the numerator of (1) does not imply additional memory and computational
requirements in the proposed FDTD model, as it will be explained in Section 3.

Nematic liquid crystalline mixtures used in VIS/IR applications are typically character-
ized by refractive index dispersion described by the Cauchy model, while their absorption
losses are negligible owing to the few-um thickness of the employed cells. Thus, the real
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Table 1. Fitted mLor parameters for the ordinary (o) and extraordinary (e) permittivities of
a series of nematic liquid crystals proposed for THz technology applications

Ref. LC Eoo ao ay [ps] by by [ps] by [psz]
[28] 5CB(o0) 2 1.2622 0.2148 2.0746 0.5015 0.0041
5CB(e) 2.4 3.3539 1.1795 6.1051 2.616 0.0156
[29] BL037(0) 1.85 12.181 2.3726 14.6175 3.6541 0.03
BLO037(e) 2.272 1.7127 0.21 1.7621 0.2343 0
[30] 1855(0) 2.2 2.7662 0.3871 8.3725 1.5355 0
1855(e) 2.5 9.5127  26.8743 0 77.921 0.3053
[31] MixF(o) 2.299 0.3142 0.0597 2.728 1.0928 0.0559
MixF(e) 3.441 0.9937 0 8.4694 0.849 0.0668
[31] MixK(o) 2.276 0.0488 0.1216 0 1.5053 0.1989
MixK(e) 2.68 0.0786 0.0103 3.3571 0.5495 0.0342
[31] MixA(o) 2.35 0.3312 0 5.8977 0.6434 0.0521
MixA(e) 2.859 0.6614 0 6.3508 0.6011 0.0575
[32] 1852(0) 2.357 0.1276 0.084 0.7739 0.9091 0.079
1852(e) 3.45 0.696 0 5.5939 0.549 0.0388
[32] 1825(0) 2.3676 0.628 0 6.044 0.9635 0.0259
1825(e) 3.6745 0.6355 0 4.8335 0.5127 0.0369

part of Eq. (1) is sufficient to accurately describe their dispersion in FDTD modeling [27].
However, when it comes to LC-THz technology where thicker LC cells are typically em-
ployed, nematic LCs usually exhibit strong dichroism and index dispersion, which does not
follow any of the classical analytical models (LCs with small dichroism are also available
[28]). In order to demonstrate the suitability of the mLor model, we have fitted experimen-
tally measured data of the permittivities of a series of LC materials [28-32] by employing
a nonlinear optimization Nelder-Mead technique [20]. The resulting mLor parameter co-
efficients are summarized in Table 1 and a direct comparison between the experimental
data and the fitted functions is provided in Fig. 1. It can be observed that a single mLor
term captures the dispersive behavior for both the real and imaginary permittivity parts,
thus demonstrating the suitability of the proposed model for the time-domain modeling of
LC-THz devices. Furthermore, we stress that apart from the accurate modeling of LCs, the
mLor model in the proposed FDTD formulation can also naturally describe the dispersion
of isotropic materials, e.g. metals, which is essential in problems such as the study of THz
metamaterial devices with advanced functionalities [8-10].

Finite-difference Time-domain Formulation of Dispersive and Lossy Liquid
Crystals

The relative permittivity tensor of a LC can be described by the general form

g, + Ascos’0cos’¢p Ascos’Osingcos¢ Agsinb cosd cos ¢
§=| Ascos’@singcos¢p &, + Accos’Osin’¢p Aesiné cos6 sing 2)
Aeg sin6 cos 0 cos ¢ Aeg sin6 cos 0 sin ¢ g, + Agsin? 0
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Figure 1. Comparison between the experimentally measured data (circles) of LC ordinary (blue)
and extraordinary (green) permittivities and their fitting to the analytic mLor model (lines), for the
coefficients reported in Table 1.

where 6 and ¢ are the tilt and twist angles, respectively, according to Fig. 2(b), ¢, and
&, are the ordinary and extraordinary dielectric constants with Ae = ¢, — ¢,. An accurate
description of liquid crystals would demand ¢, ¢, to be functions of the electromagnetic
wave frequency and as a result the permittivity tensor of (2) should account for this type
of material dispersion. Such a medium can be termed as anisotropic-dispersive. If the
imaginary parts of the ordinary and extraordinary permittivities are non-zero the medium
exhibits losses, which in general can be different along the extraordinary and ordinary axes
of the LC molecules (dichroism).
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(b)

Figure 2. (a) The unit cell employed in the presented FDTD formulation, showing the positions of
the electric and magnetic field components on the discretized grid. (b) The local LC orientation is
described by the nematic director, defined via the spatially dependent tilt (9) and twist (¢) angles.

We restrict ourselves to the case which the LC optical axis lies on a plane of the
rectangular coordinate system and without loss of generality we assume that ¢ = 0, and
the LC optical axis lies on the x — z plane. The permittivity tensor for this case is given by

g, + Aecos?® 0 Aesiné cos6
&= 0 o 0 , 3)
Agsinfcos® 0 e,+ Aesin®6

where it is stressed that the parameters ¢,, A¢ are frequency-dependent. The constitutive
relation of the medium in the frequency domain is expressed as

D(w) = g0 (w)E(w), “)

where g is the permittivity of free space. The components of the electric flux density are

D, = gyle,(w) + Ac(w) cos’ O1E, + gpAe(w)sinf cosOE, 5)
D_v = 8080(0))Ey (6)
D, = goAe(w)sinf cos O E, + gole,(w) + Ag(w) sin® 1E, @)

It is observed that (6) is similar to the constitutive relation of an isotropic medium,
but (5) and (7) involve both x- and z-components of the electric field and should be
solved simultaneously. We now introduce auxiliary variables in order to split the x- and
z-components of the electric field. Equations (5) and (7) are written as

Dx= xl+Px2+le+Pz2 (8)
D, = Ox1+ 02+ Qzl + sz’ ©))

with the auxiliary variables defined as

Py = g0g,(w)SIN® OE,, Py = goe.(w)cos’> OE, (10)

P, = ¢gpe.(w)sinf cosOE,, P, = —eye,(w)sinfcosbE,, (11)
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and

Q.1 = gpc(w)sinf cosOE,, Qi = —&p&o(w)sinf cosOE, (12)
0.1 = €o&o(w)cos’ OFE,, Q.o = goe.(w)sin’ OF,. (13)

In the following, we assume that ¢,(w) and ¢, (w) follow the modified Lorentz dispersion
model of (1) and the parameters are obtained through the fitting procedure presented in the
previous Section. In the above expressions the angle 6 is not function of frequency, but it can
be spatially dependent, i.e. in general it can be & = 6(x, z) for the case of inhomogeneous
LC orientation profiles. From equations (10)-(13) the governing equations of the auxiliary
variables can be obtained. For the case of the P,, the following differential equation is
derived, which is similar in form to the isotropic case [24]

2 d L
bro—= +b1,— +bo, | Py1 =&psin“ 0

dr? dt
X | €00.0b @ +( + €00.0b )d—i-( + €00.000.0) | E (14)
00,0 2.0dt2 alo 00,010 dt ap,o 00,0%0,0 X

Up to this point no numerical discretization technique has been implied. In addition, no
assumption of the relative position of the field components is made and therefore the scheme
of spatial discretization used in the following can be staggered, unstaggered, collocated etc.
As described in [24], we discretize the above differential equation in time using central
averaging and difference operators and we get the following difference equation

8? Ly 2
<b2’0A_;2 + bl,oA—t +boou; | Py

2

. S b
= &0 51n2 0 |:goo,ob2,oA_;2 + (al,o + b],ogoo,o)lA_tt + (ao,, + bO,ogoo,a)M;z] EQ (15)

where At is the time step of the FDTD method and the operators §, and p, are defined as
follows

8tfn — fn+1/2 _ fnfl/Z’ I»Llfn — % (fil+]/2 + fn+1/2) . (16)

The update equation for the variable Py is

1
Pl = — (coago Sin® OEIH! + cose08in® OE! + coeeosin® OE ™ — co Py — coa P
1
’ (17)
with
b20 blo b()a 2b20 bOo b20 blo bOo
Copl= —2 4 2 4 20 e = T = 22 2 i 18
A=A oA T A2 T2 T A T T s (18)
goo,ubZ,o ai.o + goo,obl,u ao,o + 8oo,ob0,0
Co4 = + s
Ar? 2At 4
e — _zgoo,obZ,a ap, + goo,obO,o
05 — Atz ) s
Cot = Soo,ubZ,o _ (W) + 8oo,ob1,a + ag,o + 800,0b0,0 (19)

At? 2At 4
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Similar update equations are obtained for the other auxiliary variables. Equations (8)
and (9) are taken at time (n + 1)Ar as

D;'Jrl — Pxnl+l + Pn2+1 + Pznl+] + Pzn2+l (20)

D= Qi+ 0+ 0l + 05 1)
After substitution of the auxiliary variables the following linear 2 x2 system is formed
with respect to E?*! and E"*!

axlE)’Z‘H + azlEf“ =A

1 n+1 (22)
bxlE;'+ + bzlE;”r =B
with
A= Dn+1 E" Enfl pP" p" Pn—l n—1
=D,  —daxL, —ay3L,  —ayaly) —dx50,) —Axel;  —ax7L,9
n n—1 n n n—1 n—1
—apkl —ajgE]” —ayuP| —asPh —aeP —anP, 23)
_ n+1 n n—1 n n n—1 n—1
B = D" —boE! —bi3E" —buQ) —bisQ —bisQF — b10%
n n—1 n n n—1 n—1
—bzzEZ - bZ3Ez - bz4Qzl - sz sz - bzéQzl - bz7 sz ’ (24)
where the corresponding coefficients are defined as
2 2 22 2
£0Co4 SIN“ 6 £(Cpq COS™ O £0Co5 81N~ 6 £pC,.5C0OS~ O
ayxl = + , Ax2 = + s
Col Cel Col Cel
£0Co6 SINZ O £0Cop COS2 O
ayx3 = + s (25)
Col Cel
Co2 Ce2 Co3 Ce3
x4 = ——,0xy5 = ——, Qx6 = ——,4y7 = ——— (26)
Col Cel Col Cel
£0Ce4 SINH COSO  £9Cy4 SINH COS O £0Ce58INH cosO  goc,s8inb cos O
azl = - ) az2 = - )
Cel Col Cel Col
£0Ce6 SINH COSH  £0Cye SIN O cOs O
a;; = — , 27
Cel Col
Ce2 Co2 Ce3 Co3
u=—"2a5=—"2 ag=—""a7=-" (28)
Cel Col Cel Col
and

by =az;,by =ap,b,3 =a3,bys =az,bs =a;5,big =a, by =a;7  (29)

£0Coa COSZ 0 €0Ces SINZ O £0Co5 COSZ 0 €0Ces SINZ O
bzl = + y U702 = + 5
Col Cel Col Cel

£0Co6 COSZ 0 €0Ce SINZ O
by = E0Ce8 . B0Ces 30)

Col Cel

Co2 Ce2 Co3 Ce3
by =~ b5 = ——— b=~ by = ——. @D

Col Cel Col Cel
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Since A and B contain already calculated values of previous time steps, E, and E are
updated after solving the linear system

Abzl — Bazl ntl Baxl — Abxl

En+1 et S et S Xl Xl
YT agb ba' ¢ aub b
Ax10z1 — Az10x1 Ax10z1 — Az10x1

(32)

The fields D! and D;”" are obtained through the implementation of Faraday’s law,
ie.

At
n+l1,. 1 ngee: 1 n+1/2 (- 1 1
Dt (z+§,k)—_DX(z+§,k)——Z(Hy+/ i+ 1 k+1)
—HPV 4 L k- ) (33)

At
n+l1,. ngees n+1/2 (- 1
folies (l,k+%):Dz(z,k+%)+A_x(Hy+/ (+ik+1h)
—H{ 0 = 5k + 7). (34)

An important issue in modeling anisotropic media with the FDTD method is that the
electric components are staggered in space and they are located in different positions in the
FDTD grid, as shown in Fig 1(a). Therefore, it is necessary to employ the averaging of field
values located at the surrounding nodes. In particular, for the update of x-component in Eq.
(32), the parameter A involves the fields E,, P,;, P,, while B the values of E,, Q,1, O.2,
which are defined in different positions compared to the x- component. It is also noted that
for inhomogeneous media the variable 6 can be a function of space 6 = 6(i, k), where the
integers i, k are the indices in the FDTD grid i.e. x = i Ax and z = kAz. Since the location
of the x-component of the electric field is (i + 1/2, k), the angle 8 should be defined in the
same position. A different case applies to Eq. (7), where 6 should be defined at (i, k + 1/2).

It has been proved in [33] that improper averaging in inhomogeneous anisotropic
media may lead to instability problems and a stable algorithm has been proposed there for
non-dispersive tensors, which is symmetric and positive semi-definite. The non-reciprocity
of the simple averaging, which may potentially lead instability, has also been discussed
in [34]. In [33], it is stated that simulations with absorbing boundary conditions and/or
significant dissipation are insensitive to such instabilities. Since we will deal with dispersive-
anisotropic media, the simple averaging procedure will be used, i.e.

E(i+3, k)~ (EGk+D+EGk—D+HEG+HLk+D+EG+1k-1).
(35)
Assuming that the x-component of the electric field is calculated first, it is remarked
that for the update of the z-component of the electric field the value of the x-component
electric field of time step n and n — 1 is needed and not the value of the current step E ;’*1 .As
a result, three previous values should be kept in memory. On the contrary, in the calculation
of E™! two previous time steps are necessary.

Convolution Perfectly Matched Layer as an Absorbing Boundary Condition
to Terminate Domains with Anisotropic-lossy Liquid Crystals

In FDTD simulations, it is necessary to terminate the computational domain with an
absorbing boundary condition (ABC), which absorbs the outgoing waves and mitigates
an “infinite” domain [11]. Among ABCs, the Perfectly Matched Layer (PML) is the most
successful and efficient method and it is widely used in computational electromagnetics.
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Several PML formulations have been proposed in order to overcome the limitations of the
original technique proposed by Bérenger [11]. The Convolution PML (CPML) [35] offers
anumber of advantages over other PML methods including the ability to absorb evanescent
waves, significant memory savings and independence of the host medium.

In the present work, we apply the CPML theory to anisotropic-dispersive media de-
scribed by the tensor given by (3). Our ADE-based formulation allows for seamless com-
bination with CPML and it can be efficiently incorporated in existing CPML-FDTD codes.
Assuming the same two-dimensional FDTD domain (x — z plane) as previously, Maxwell’s
equations inside the CPML have the form

1 0H, 1 0H, 1 0H. 1 0H,
joD, = ———=, joD, = — - ——, joD, = ——= (36)
s, 0Z ’ s, 0% Sy 0x Sy 0Xx
. H 10E, . H 1 0FE, 1 0E, H 1 0E, 37)
w x = ——, [0) = — —_— s w .
J@Ho st oz J@Ho Iy st 0z 5% Bx J@Ko Iy st ox

where s, 7 = x, z is the stretched-coordinate metric defined as

Oy

Sy =Ky + (38)

—
oy, + Jwegy

with parameters defined as in [35]. By transferring (36), (37) into the time domain we
obtain the following update equations

oD, 1 9H, v (39)
a k. 0z o
oD, 1 0H, 1 0H,

y _ : Y 40
a1 P 9z K, 9x +weyz we,\x ( )
oD, 1 0H,

= = — - ezx 41
ot Ky Ox e @1
J0H, 1 0E,

= —— ¥z 42
Ho— . oz + Yz (42)
0H, 1 90E, n 1 0F, W 43)
Ho at k. 9z Ky 0x vz hox
0H, 1 0E, v (a4
Mo a1 - P 9x hzx

According to the CPML formulation, the proposed algorithm for each step of the
FDTD method is described as follows:

1. The auxiliary variables ¥z, Yayz, Yayx, Ynex are updated as in the original CPML
method [35].

2. The magnetic fields H,, H,, H, are updated using (42), (43) and (44), respectively.

3. The auxiliary variables V.., Yeyz, Yeyx, Ve, are updated as in the original CPML
method.

4. The electric flux densities Dy, D, D are update using (39), (40) and (41), respec-
tively.

5. The electric field E, is updated using (32).
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Figure 3. (a)-(b) Transmittance for different values of angle 6 for the LC materials 5CB and 1825,
respectively. (c)-(d) Phase shift with respect to the case & = 0 for SCB and 1825, respectively. Circles
correspond to the analytically calculated results based on measured data of LC permittivities at various
frequencies.

6. The auxiliary variables P,, Py2, Oy, Q> are updated with equations similar to
(17).

7. The electric field E, is updated as in an isotropic modified Lorentz medium.

The electric field E, is updated using (32).

9. The auxiliary variables P,;, P, Q.1, Q,» are updated with equations similar to
7).

®

Numerical Results

The accuracy of the proposed fitting of the mLor functions and the efficiency of the
introduced FDTD method are demonstrated in a benchmark problem of a LC slab embedded
in a low-loss polymer with refractive index n = 1.5. An analytical solution is available for
such a problem and a comparison with the proposed formulation is straightforward. The
LC slabs have a thickness d = 500 um and the mLor parameters of the ordinary and
extraordinary indexes are taken from Table 1 for two materials, the single-compound well-
known nematic LC 5CB and the optimized high-An mixture 1825, which is specifically
synthetized for THz applications. The EM wave is propagating toward the z-direction and
impinges normally on the LC slab. The optical axis of the LC slab lies on the x — z plane.
The FDTD grid size is Az = 2 um and a time step At = QAz/cy is employed, where
Q = 0.3 and ¢ the velocity of light in vacuum. The computational domain is terminated
by a 12-cell CPML and the wave is excited through the x-electric field component. A
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modulated Gaussian pulse is used as excitation function with frequency content in the
spectral region of interest (0.5-2.5 THz). The incident fields are calculated in the same
computational domain without the slab.

The analytical solution is given by [36] taking into account the effective refractive
index of the slab given by

Nello

\/ng sin? 6 + n2 cos? 0

Nef (45)

with the convention of 6 as previously described. In Fig. 3, the transmittance and the
reflectance are presented for the two test LC materials and three different values of angle
0. The calculated results are in very good agreement with respect to the analytical ones in
the whole spectral region under study. Although SCB and 1825 show similar losses, the
mixture 1825 can provide larger phase-shift owing to the greater value of An. It is stressed
that the numerical results are obtained with a single FDTD run, thus enabling the wideband
modeling of LC-THz devices, which is a major advantage of the proposed formulation.

Conclusions

In brief, we have presented in detail a numerical framework based on the ADE-FDTD
method for the time-domain simulation of electromagnetic field propagation in THz devices
comprising nematic liquid crystalline materials. The LC anisotropy has been rigorously
implemented and, furthermore, the dispersion of both real and imaginary parts of the
LC permittivities has been accounted for, via its description with a modified Lorentzian
function. The proposed method can provide a valuable tool in the design and investigation
of LC-based tunable components for terahertz technology.
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